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THE DUAL COMPLEX OF CALABI-YAU PAIRS 

JANOS KOLLAR AND CHENYANG XU 


Abstract. A log Calabi-Yau pair consists of a proper variety X and a divisor 
D on it such that Kx -\-D is numerically trivial. A folklore conjecture predicts 
that the dual complex of D is homeomorphic to the quotient of a sphere by 
a finite group. The main result of the paper shows that the fundamental 
group of the dual complex of Z) is a quotient of the fundamental group of 
the smooth locus of A, hence its pro-finite completion is finite. This leads 
to a positive answer in dimension < 4. We also study the dual complex of 
degenerations of Calabi-Yau varieties. The key technical result we prove is 
that, after a volume preserving birational equivalence, the transform of D 
supports an ample divisor. 


A log Calabi-Yau pair^ abbreviated as logCY, is a pair (A, A) consisting of a 
proper variety X and an effective Q-divisor A such that {X, A) is log canonical and 
Kx + A is Q-linearly equivalent to 0. Any Calabi-Yau variety X can be naturally 
identified with the log Calabi-Yau pair (A, 0). At the other extreme, if A is a Fano 
variety and A —Kx is an effective divisor then (A, A) is also logCY (provided 
that it is log canonical). 

Here we are interested in these Fano-type logCYs, especially when A is “large.” 
Being Fano is not preserved under birational equivalence, thus it is better to define 
“large” without reference to Fano varieties. There are several natural candidates 
for this notion; we were guided by the concepts of large complex structure limit 
and maximal unipotent degeneration used in Mirror Symmetry. 

Definition 1. Let (A, A) be a log canonical pair of dimension n and g : (Y, Ay) — >■ 
(A, A) a crepant log resolution. That is, (/*Ay = A, Ky + Ay g*{Kx + A), 
A is smooth and Ex(g) U Supp Ay is a simple normal crossing divisor. 

Note that Ay is usually not effective but, since (A, A) is log canonical, all divisors 
appear in Ay with coefficient < 1. Let Ay^ denote the union of all irreducible 
components of Ay whose coefficient equals 1. 

The combinatorics of Ay^ is encoded in its dual complex, denoted by X>(Ay^); 
see Definition [121 By [dFKXl^ X>(Ay^) is independent of the choice of (Y, Ay), 
up-to PL-homeomorphism. We call this PL-homeomorphism type the dual complex 
of (A, A) and denote it by 'DMTl{X, A). 

Note that dimR X>A^72.(A, A) < dim A — 1 since, on a variety of dimension n, at 
most n irreducible components of a simple normal crossing divisor meet at a point. 
We say that (A, A) has maximal intersection if equality holds. 

By |Koll4) . every finite simplicial complex of dimension n—1 appears as T>{X, A) 
for some n-dimensional simple normal crossing pair (A, A). Thus it is interesting 
to understand which algebraic restrictions on (A, A) have meaningful topological 
consequences for 'DMTZ{X, A). The aim of this paper is to study the dual complex 
of logCY pairs. The main result is the following. 

Theorem 2. Let (A, A) be a logCY pair and 'DMTZ{X, A) its dual complex. As¬ 
sume that dimR 2?A17?.(A, A) > 2. Then the following hold. 
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(1) VA4TZ{X, A) has the same dimension at every point. 

(2) W {VMTZiX, A),Q) = 0 for 0 < i < diniR VMTZ{X, A). 

(3) There is a natural surjection 7ri(A™) ^ 'Ki{VMTZ{X, Af). 

(4) The pro-finite completion {T>AiTZ{X, A)) is finite. 

(5) The cover 'DA4TZ{X, A) — VM'Tl{X, A) corresponding to tti (fDA4TZ{X , A)) 
is the dual complex of a quasi-etale cover (X, A) {X, A). 

Part (1) is a restatements of earlier results; see |Kom] or |Kol13l 4.40]. The 
relationship between the rational homology of the dual complex and the coherent 
cohomology of X has been understood for a long time; thus (2) has been known in 
many cases. Our main contribution is to understand the connection between the 
fundamental group of the dual complex and the fundamental group of the smooth 
locus A™ C X. The main conclusion is (3) which in turn implies (5). The finiteness 
of 7ri(A®™) follows from |Xul4[ [GKP13) : it is conjectured that 7ri(A™) is finite. 

If dimR I?A47^(A, A) = 1 then 'DA4Ti{X, A) is either the 1-simplex [0,1] or S^. 
In the latter case tti (l?A47?.(A, A)) is infinite but usually A®™ has only trivial 
quasi-etale covers. 

On a general logCY pair, A contains divisors with different coefficients, but it 
turns out that 'DXiTi{X, A) is rather special if not all coefficients are equal to 1. 

Proposition 3. Let (A, A) he a logCY pair such that A contains at least one 
divisor with coefficient < 1. Then 

(1) either 'DMTZi^X, A) is contractible 

(2) or dimR 'DA4TZ{X, A) < dime A — 2. 

It is straightforward to write down examples where 'DAiTZ{X, A) is contractible 
or a sphere. More generally, at least some quotients of spheres are easy to get; see 
Section m This leads naturally to the following 0 

Question 4. Let (A, A) be a logCY pair of dimension n. Is 'DXiTZ{X, A) ~ 
for some finite subgroup of G C Ofe(R) and k < n. (We use ~ to denote 
PL-homeomorphism.) 

The group action may have fixed points, thus in general 'DMTZ{X, A) is only an 
orbifold. LogCY varieties also appear as compactifications of character varieties. 
In this context. Question l4l is studied in [GTlOl ISim m- We prove the following in 
Paragraphic 

Proposition 5. The answer to Question^is positive i/dim A < 4 or i/dim A < 5 
and (A, A) is a simple normal crossing pair. 

In many questions involving Mori’s program, the 3 and 4 dimensional cases are 
good indicators of the general situation. However, the proof of Proposition [5] relies 
on several special low dimensional topological facts, thus it gives only very weak 
evidence for the general problem. We do not see any good heuristic reason why the 
answer to Question |4| should be affirmative. From the technical point of view, at 
least 3 problems remain to be settled. 

• Finiteness of the fundamental group of VAATZ^X, A). We do not know how 
to prove it but Theorem |2]3 reduces it to the finiteness of 7ri(A®™). 


^Many people seem to have been aware of this question, among others M. Gross, S. Keel. 
V. Shokurov, but we could not find any specific mention in the literature. 
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• Torsion in the integral homology of 'DAiTZ{X, A). Our methods do not say 
anything about it. 

• Starting in dimension 5 we have to deal with the possibility that 'DAiTZ{X, A) 
is singular but X itself has no obvious quasi-etale covers. This seems to us 
the most likely approach to construct a counter example to Question |4l 

It is also very unclear which triangulations of a sphere can be realized as dual 
complexes of logCY pairs. This is quite hard even in dimension 2; see |Liul5| for 
partial results. 

6 (Degenerations of Calabi-Yau varieties). Studying degenerations of Calabi-Yau 
varieties naturally leads to log Calabi-Yau pairs. Let g '■ Y — )• D be a CY- 
degeneration over the unit disk D. That is, g is proper, Ky 0 and (Y, Yq) 
is dlt where Yq is the central fiber. Thus the fiber Yt is a Calabi-Yau variety for 
t ^ 0 and the central fiber is a union of logCY pairs (Xi,Ai) where Ai is the 
intersection of Xi C Yq with the other irreducible components. We are interested 
in the dual complex of the central fiber T>{Yq) especially when the following two 
conditions are satisfied 

(1) The general fiber Yt is an n-dimensional Calabi-Yau variety in the strict 
sense, that is, Yt is simply connected and h^{Yt, OyJ — 0 for 0 < i < n. 

(2) dimX>(Yo) = n. This is a combinatorial version of the large complex struc¬ 
ture limit or maximal unipotent degeneration conditions. 

Question 7. Let g .Y —>• D be a CY-degeneration of relative dimension n satisfying 
the conditions ([111-2). Is T’(Yo) ~ §"? 

For n = 2 a positive answer is given by |Kul77] : the general case is proposed 
in [KSOlj . It is easy to see that T>{Yq) is a simply connected rational homology 
sphere but it is not clear that II(Yo) is a manifold. Using Theorem|2l we prove the 
following in Paragraph [Ml 

Proposition 8. The answer to Question^is positive if n < 3 or if n < 4 and the 
central fiber is a simple normal crossing divisor. 
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1. Volume preserving maps 

For logCY pairs, volume preserving maps, also called crepant birational maps, 
form the most important subclass of birational equivalences. 

Definition 9. Let {Xi,Ai) be normal pairs. A proper, birational morphism g : 
(Ai, Ai) -)• (A 2 , A 2 ) is called crepant if g*(Ai) = A 2 and g*[Kx 2 + ^ 2 ) 
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Kxi + Ai. An arbitrary birational map g : (Ai, Ai) —+ (A 2 , A 2 ) between proper 
pairs is called crepant if it can be factored as 

Pi 1 / \P2 dSl) 

(Ai,Ai) (A2,A2), 

where the pi are proper, birational, crepant morphisms. In characteristic 0 this is 
equivalent to having a common crepant log resolution. (If the Xi are not proper, 
the above definition still works and defines proper and crepant birational maps. 
Note that g itself is not proper, so the terminology is somewhat confusing.) 

The main requirement is the natural linear equivalence 

+Ai) ^qP*(Ax,+A2). (02) 

A proper, crepant birational map g : (Ai, Ai) —+ (A 2 , A 2 ) between log canonical 
pairs is called thrifty if there are closed subsets Zi C Xi of codimension > 1 that 
do not contain any of the log canonical centers of the (A^, A^) such that g restricts 
to an isomorphism Xi\ Zi = X 2 \ Z^. 

If (A, A) is logCY then a global section of Ox {mKx+mA) determines a natural 
volume form on A \ Supp A, up to scalar. Then a map g : (Ai, Ai) ---» (A 2 , A2) 
is crepant birational iff it is volume preserving, up to a scalar. 

It is important to note that in 01 ) usually one can not choose Y such that Ay 
is effective, not even if we allow Y to be singular. However, as we see next, such a 
choice of Y is possible if we allow the Pi to be rational contractions. 

Definition 10. Let Xi be normal, proper varieties. A birational map g : Ai ---» A 2 
is called a contraction if g~^ : X 2 —^ Ai does not have any exceptional divisors. 
Observe that g is an isomorphism in codimension 1 iff both g and g~^ are contrac¬ 
tions. (Note that a birational morphism is always a contraction. For a birational 
map there does not seem to be a generally accepted notion of contraction; the above 
definition is natural and quite useful.) 

Let g : (Ai, Ai) ---» (A 2 , A 2 ) be a birational contraction that is crepant. Then 
g»(Ai) = A 2 and g*{^Kx 2 + A 2 ) Kxi + Ai. The converse is usually not true. 
(For example, a flop is crepant birational but a flip is not.) However, if the {Xi, A^) 
are logCY then the linear equivalence 02) is automatic and the converse holds. 

The following lemma gives several useful ways of factoring a crepant birational 
map. In the logCY case, a detailed understanding of volume preserving maps is 
given in |CKI5| . which also suggested to us (|TTl 4l. 

Lemma 11. Given two proper, log canonical pairs {Xi, A^), the following are equiv¬ 
alent. 

(1) There is a crepant birational map g : (Ai, Ai) —* (A 2 , A 2 ). 

( 2 ) There is a log canonical pair (Y, Ay) and crepant, birational contraction 
maps 

(Ai,Ai) (Y,Ay) (A2, A2). 

( 3 ) There is a pair {Y, Ay) and crepant, birational contraction maps 

(Ai,Ai) ^ (Y,Ay) (A2,A2), 
where {Y, Ay) is Q-factorial, dlt and pi is a morphism. 
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(4) There are Q-factorial, dlt pairs (X', and crepant, birational maps 

(Ai, Ai) ^ (A', A') 4 (A2, A 2 ), 

where the pi are morphisms, (f> is crepant birational, thrifty and an isomor¬ 
phism in codimension 1. 

Proof. It is clear that each assertion implies the previous one. 

In order to see (1) => (3), let </> : (Ai, Ai)--->(A 2 , A 2 ) be a crepant, birational 
map and Ej C A 2 the exceptional divisors of ■ The discrepancy a(£’j, Ai, Ai) 
equals minus the coefficient of Ej in A 2 , thus it is < 0. 

By [K 0 II 3 I 1.38] there is a Q-factorial, dlt, crepant modification pi : (Y, Ay) —>■ 
(Ai, Ai) that extracts precisely the Ej and possibly some other divisors with dis¬ 
crepancy — 1. Then p 2 := (j) opf^ is a crepant, birational contraction map. 

The proof of (4) is similar. We take a common log resolution : {¥', A') 
(Ai, Ai) and write A' — A" + An where Supp A" consists of the set of divisors on 
y' that are in one of the following three sets: birational transforms of Ai, divisors 
that are exceptional for exactly one of the TTi or divisors with coefficient 1 in A'. 
Let F be the sum of all other TTi-exceptional divisors. 

As in [K 0 II 3 I 1.35], for i = 1,2 run the {Y',A" -|- (1 — e)F)-MMP over Ai for 
0 < e <C 1 to get Pi : (A', A') —(Ai, Ai). If i? is an extremal ray that we contract 
then {R- {K -\- A" -I- (1 — e)F)) < 0. Since K -\- A' is numerically TTi-trivial, this is 
equivalent to 

{R-{K + A" + {l-e)F-K- A')) = {R ■ ((1 - e)F - An)) < 0. 

By our choice of F, {l — e)F—An is effective and its support is F. Thus the extremal 
rays contracted are always contained in F and the MMP contracts all the divisors 
contained in F. Note also that (Y', A") and iY', A" -|- (1 — e)F) have the same Ic 
centers and they are not contained in F. Thus Y' ---» A' is a local isomorphism at 
all the Ic centers of (y', A') hence the induced birational map {X[,A'i) ---» (A 2 , A 2 ) 
is thrifty and an isomorphism in codimension 1. □ 

Definition 12 (Dual complex). Let i? be a simple normal crossing variety over a 
field k with irreducible components {Ei : i G /}. (Our main interest is in the case 
k = C but sometimes it is convenient to allow k to be arbitrary.) 

A stratum of E is any irreducible component F C Cii^jEi for some J G I. 

The dual complex of E, denoted by RiE), is a CW-complex whose vertices are 
labeled by the irreducible components of E and for every stratum F C Hi^jEi 
we attach a (j J| — I)-dimensional cell. Note that for any j & J there is a unique 
irreducible component of Gi^j\[jyEi that contains F; this specihes the attaching 
map. (The dual complex is a regular A-complex in the terminology of [Hat02j .l 

It is very important for us that crepant birational equivalence does not change 
the dual complex. 

Theorem 13. |dFKX12j The dual complexes of proper, log canonical, crepant bi¬ 
rational pairs are PL-homeomorphic to each other. □ 

Using Theorem fT^ our aim is to study the dual complex 'DMTZ{X, A) of logCY 
pairs in 2 steps. First we show that (A, A) is crepant birational to a “Fano-type” 
logCY pair. There are several natural ways to define “Fano-type.” For our current 
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purposes the best seems to be to assume that supports a big and semi-ample 
divisor. 

The second step is the study of VMTZ{X, A) in the Fano-type cases. 

Definition 14. Let A be a variety and D an effective divisor. We say that D fully 
supports a divisor that is ample (or big, or semi-ample or ...) if there is an effective 
divisor H that is ample (or big, or semi-ample or ...) such that Supp H = Supp D. 

Example 1631 shows the important difference between supporting a big and semi- 
ample divisor and fully supporting a big and semi-ample divisor. 

15 (Dlt singularities). Divisorial log terminal singularities form a very convenient 
class to work with; see [KM981 2.37] or [Koll31 2.8]. The precise definition is 
important for the proof of Theorem 1491 but for most everything else all one needs 
to know is that dlt pairs behave very much like simple normal crossing pairs. 

If (A, A) is dlt then, by [dFKX12l Thm.3], T>MTZ{X, A) can be computed di¬ 
rectly from A=^ as in Definition fT^ In particular, dim A = n and (A, A) has max¬ 
imal intersection iff there are n divisors Di,..., Dn C A=^ such that Di n • • • fl 
is non-empty (hence necessarily 0-dimensional). 

If (A, A) is dlt then for every stratum W C X there is a natural Q-divisor 
Diff^ A such that A) is dlt and Kw + DiffA {Kx + A)|u/; see 

|Knn.31 Sec.4.1] for the definition and basic properties. Thus {W,DiS^ A) is also 
logCY. 

In general Diff](^^ A is somewhat complicated to determine, but if all divisors in 
A have coefficient 1 and Kx -I- A is Cartier then the same holds for Diffi(^^ A and 
Diff^ A consists of the intersections of W with those irreducible components of A 
that do not contain W. 

This implies that for every irreducible divisor D C A=^, the link of \D\ G 
'DA47Z(X, A) is PL-homeomorphic to VA47Z(-D, Diff^ A). Thus the local structure 
of 'DA47Z(X, A) is determined by the lower dimensional logCY pairs (D, Diff A). 

2. Reduction steps 

We discuss various steps that simplify (A, A) without changing the dual complex 
or changing it in simple ways. The final conclusion is that one should focus on logCY 
pairs (A, A) such that 

• (A, A) is dlt, Q-factorial, 

• A is rationally connected, 

• A = A=i, 

• A fully supports a big, semi-ample divisor and 

• Kx -t- A ^ 0. 

16 (Disconnected case). By [Kolll] or |Koll3[ 4.37], if (A, A) is logCY and the dual 
complex X>A477.(A, A) is disconnected then (A, A) is crepant birational to a product 
(Y, Ay) X (P^, [0] -|- [oo]) where (Y, Ay) is kit. In particular T>A47Z(X, A) ~ S°. 
Thus in the sequel we need to deal only with the connected case. 

17 (Index 1 cover). Assume that A = A^^ and let m be the smallest natural 
number such that m{Kx -I- A) ^ 0. Correspondingly there is a degree m quasi- 
etale (that is, etale in codimension 1) cover (A, A) —>• (A, A) and X>A472.(A, A) ~ 

VMTZ{X,A)IZm. 
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18 (Rational connectedness). Let (^, A) be a logCY pair. If X is not rationally 
connected then there is an MRC-fibration g : X ---y Z onto a non-uniruled variety 
by |Kol96[ IV.5.2] and |GHS03) . Let {Xi^(^z)y ^k{z)) denote the generic fiber. 

We see in Proposition [19] that every log canonical center dominates Z. Thus, by 
Lemma [29l 

VMTZiX,A)c^VMTZ{Xk^z).^kiz))- 

Thus it is enough to consider those logCY pairs whose underlying variety is ratio¬ 
nally connected. 

Proposition 19. Let (A, A) be a dlt logCY pair and g : X ---» Z a dominant 
map to a non-uniruled variety Z. Then every irreducible component D C A^^ 
dominates Z. 

Proof. We may assume that Z is smooth and projective. Let C C A be a general 
complete intersection curve, in particular g is defined along C. Then [C ■ {Kx -b 
A)) = 0 and {C-D)> 0. 

If D C A ^ does not dominate Z then we reach a contradiction by proving that 
(C ■ (Kx A)) >0. By blowing up Z we may assume that D dominates a divisor 

D.rZ-...e.lLm 2 22(. 

Let Y be the normalization of the closure of the graph of g. Choose Ay such 
that the first projection (Y, Ay) ^ (A, A) is crepant. Since g is defined along C 
we may identify C with its preimage in Y and so (C ■ (Ay -|- Ay)) =0. 

We apply the canonical class formula (120141 to the second projection 712 : Y —>■ Y 
and write Ay -|- Ay ttJ ( A^ -b J -b a) . 

Note that (C • tt^Kz) = {g{C) ■ Kz) > 0 since Z is not uniruled [MM86j 
and (C ■ TT^J) = {g{C) ■ J) > 0 by (120151. Finally, (l20l8l shows that a divisor 
W G Z appears in B with positive (resp. nonnegative) coefficient if there is divisor 
Wy C Y dominating Y that appears in Ay with positive (resp. nonnegative) 
coefficient. Thus g{C) is disjoint from the non-effective part of B and intersects 
Dz nontrivially. Furthermore, Dz appears in B with positive coefficient. Thus 
(C-7r|A) = (g{C)-B) > 0. Adding these together we get that (C-(Ay-b Ay)) > 0, 
a contradiction. □ 

20 (Kodaira-type canonical class formula). The original formula for elliptic surfaces 
was further developed by |Fuj86[ lKaw98| . The following is a somewhat simplified 
version of the form given in [KolOTl 8.5.1]. 

Let (Y, A) be a log canonical pair where A is not assumed effective. Let p : 
Y —>■ Z be a proper morphism to a normal variety Z with geometrically connected 
generic fiber X/^f^z) ■ Assume that 

(1) Afc( 2 ) is effective, 

(2) (Afc( 2 ), Afc(z)) is logCY and 

(3) Ay-b A is Q-linearly equivalent to the pull-back of some Q-Cartier Q-divisor 
from Z. (This seems like a strong restriction but it is easy to achieve by 
changing A.) 

Let Z° C Z be the largest open set such that p is flat over Z° with logCY fibers 
and set Y° := p“^(Z°). Then one can write 

Ay + A-Q p*{Kz + J + B) 

where J and B have the following properties. 


([2014) 















jAnOS KOLLAR and CHENYANG XU 


(5) J is a Q-linear equivalence class, called the modular part. It depends only 
on the generic fiber {Xk(z), ^k(z)) and it is the push-forward of a nef class 
by some birational morphism Z' —^ Z. In particular, J is pseudo-effective. 

(6) B is a Q-divisor, called the boundary part. It is supported on Z \ Z^. 

(7) Let D C Z \ Z^ he an irreducible divisor. Then 


coeff i 


. D = sup-j 1 

E 


l + a(y,A,L;) -| 

nm\tEP*D J 


where the supremum is taken over all divisors over Y that dominate D. 


This implies the following. 

(8) If D is dominated by a divisor E such that a(Y, A, i?) < 0 (resp. < 0) then 
coeffsT* > 0 (resp. > 0). 

(9) If A is effective then so is B. 

(10) If (T, A) is Ic then coeS bD < 1 for every D and coeff b I? = 1 iff H is 
dominated by a divisor E such that a(F, A, £1) = —I. 


The strongest reduction assertion is the following, which is a weak form of our 
main technical result; see Corollary 1551 for the general case. 


Theorem 21. Let (A, A) he a logCY pair. Then there is a volume preserving 
birational map (A, A) —-> (A^, A^,) such that 

(1) in the maximal intersection case A^^ fully supports a big and semi-ample 
divisor and 

(2) in general there is a morphism Qs : Xg ^ Z with generic fiber i ^k{z) ) 

such that 

(a) I?AI7^(A^,(2),A^,( 2 )) — 7^Ad7^(A,A) and 

(b) X^z) fully supports a big and semi-ample divisor. 

22 (Fractional part of A). Assume that A<^ ^ 0. Then, by [BCHMl^ IHX13] . 
the (A, A=^)-MMP terminates with a Fano-contraction q : X^ —>• Z. Note that 

VMn{X,A) ~ VMn{Xr,Ar) by TheoremlH 

If Proposition [21] applies then VMTZiXr, is collapsible to a point and 
it remains to compare 'DAiTZ{Xr, Ar) and 'DAiTZ{Xr, Ai^^). In general this seems 
rather difficult and it can happen that VM.Ti{Xr^ A)f^) is empty yet VMTZiXr, A^) 
is not. There is, however, one case when the two are closely related. 

Assume that A^^ fully supports a big and semi-ample divisor over Z. Then 
A^ fully supports a big and mobile divisor over Z for any dlt modification h : 
(Am, Am) —>■ (XrjAr). This implies that SuppA)))^ dominates Z and 

SuppA=i = /i"^(Supp A=^). 

Thus [dFKX12l Thm.3] proves that VMTZ^Xm, Am) — VMTZ{Xr, A^) collapses to 
'DA4TZ{Xr, A^^). (We do not known whether they are PL-homeomorphic or not.) 
Thus, in this case, DMIZ^X, A) ~ VMTZ^Xm, Am) is collapsible to a point. 
Combining with Theorem 1211 we have proved the following strengthening of 
Proposition O 


Corollary 23. Let (A, A) be a logCY pair such that BMTZlX, A) is not collapsible 
to a point. 

Then the model (A^, A^) obtained in Theorem \21\ also satisfies Ag = A^^ in the 
maximal intersection case and A}.(^z) = general. □ 
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Let (F, A) be a dlt pair and D C an irreducible divisor such that D 
is irreducible and non-empty for every log canonical center W. Then T>MTZ{X, A) 
is the cone over 'DAiTZ{D,DiS*jj A). If <7 : (F, A) —>• F is a Fano contraction 
and D dominates Z then it has irreducible and non-empty intersection with every 
log canonical center; this is a special case of |Koll3[ Thm.4.40]. Applying these 
repeatedly, we obtain the following. 

Proposition 24. Let (F, A) he a dlt pair and g : (F, A) — >■ Z a Fano contraction. 
Assume that SuppA^^ dominates Z. Then there is a unique smallest Ic center 
IF C F dominating Z and 

VMTZ{X, A) = a’’ * VMn{W, DiS*y^, A), 

the join of a simplex a'^ of dimension r = codimYW—1 andofT)A4Tl(W,DiS w ^)- 
In particular, DMIZ^X, A) is contractible, even collapsible. □ 

Note also that the simplex cr’’ is PL-homeomorphic to S’’/(t) where r is a re¬ 
flection on a hyperplane. Thus, as in Example [Ml if X>A472.(lF, DiffJ^ A) is the 
quotient of a sphere then so is T>A4TZ{Y, A). 

3. Basic results on the dual complex 

We need two results that connect the topology of T>{E) and the algebraic ge¬ 
ometry of E. The following homological lemma is essentially proved in [GS751 
pp.68-72]; see also [FM831 pp.26-27] and [Koll31 3.63]. The fundamental group 
result is rather straightforward; [KK141 Lem.25]. 

Lemma 25. Let E = Ui^jEi be a proper, simple normal crossing variety over C. 
Then there are natural injections 

H^{V{E),C) ^ H^{E,Oe). (HSll) 

Furthermore, if (r\i^jEi,Oni^jEi) = 0 for every r > 0 and every J C I then 
\25\ .l} is an isomorphism. □ 

Lemma 26. Let E = Uig/ifi be a connected, simple normal crossing variety over 
C. Then there is a natural surjection 

7ri(A)-» 7ri(T>(A)). (HHl) 

Furthermore, if the Ei are simply connected then i26\ 1) is an isomorphism. □ 

In some cases one can describe a dual complex using a fibration and finite group 
actions as in Theorem [5TJ 2. 

27. Let T be a simplicial complex and G a finite group acting on T. Let B{T) 
denote the barycentric subdivision of T. If C € B{T) is a simplex and g € G such 
that g{C) = G then g also fixes every vertex of C. Thus the G action on B{T) 
naturally extends to a simplicial G-action on the topological realization ]i?(r)j. 

The quotient is a regular complex denoted by B(T)/G. There is a natural map 
|i?(r)j —>• \B{T)/G\ whose fibers are exactly the G-orbits on ]i?(r)j. 

Such branched covering spaces are discussed in |Fox57j : we need the following 
properties. 

(1) There are natural isomorphisms i7*(jrj/G,Q) = i7®(]T],Q)'^ for every i. 
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(2) There is an exact sequence 

M\T\) —>■ 7ri(|r|/G) —>■ G/(stabilizers of points). 

In particular, if 7ri(|T|) is finite then so is 7ri(|r|/G). 

The quotient construction naturally arises for families of simple normal crossing 
varieties. 

Lemma 28. E = Uig/Gi he a simple normal crossing variety and q : E ^ Z a 
morphism such that every stratum of E dominates Z. Let z G Z be a general point 
and Ez the fiber over z. Then E^ is a simple normal crossing variety and there is 
a finite group G acting on 'D{Ez) such that 'T>{E) = T>{Ez)/G. 

Proof. By shrinking Z we may assume that q is smooth on every stratum of 
E. Then z i—>■ 'D{Ez) defines a locally trivial fiber bundle. Since V{Ez) is a finite 
simplicial complex, the monodromy of the fiber bundle is a finite group G and 
V{E) = V{Ez)IG. □ 

Algebraically minded readers may prefer to think of Lemma [28] as a combination 
of the next two claims. 

Lemma 29. E = Ui^iEi be a simple normal crossing variety over a field k and 
q : E ^ Z a morphism. Then the generic fiber E^^z) is a simple normal cross¬ 
ing variety over the function field k{Z) and 'D{Ei^(z)) is a subcomplex of T’(G). 
Furthermore, if every stratum dominates Z then T>{E)^(^z)) = ^(^)- 

Lemma 30. Let K/k be a Galois extension with Galois group G. Let Ek be a 
simple normal crossing variety over k. Then G acts on 'D{Ek) and 'D{Ek) = 
V{Ek)/G. □ 


4. Homology of the dual complex 

The following proves ([2] 2). 

Proposition 31. Let (^, A) be a logCY pair. Then 

W{VMn{X,A),Q) =0 for 0< i < dim.VMn{X, A). 

Proof. Assume first that X is rationally connected, A = A=^ and Kx + A^^ ^ 0. 
Set n := dim A. Then Ox) = 0 for z > 0 by [Cam911 IKMM92] and 

H\X,Ox{-A=^))^W{X,Ox{Kx))=d for i<n 

by Serre duality. The long cohomology sequence of the exact sequence 

0 — > Oxi, —A — ¥ Ox —^ 0/\=^ —^ 0 (1311 11 

now implies that iJ*(A=^, G/^=i) = 0 for 0 < z < n—1. Thus i?*(l?A47?.(A, A), Q) = 
0 for 0<z<n — Iby Lemma ESI 

We try to use a similar argument in general; the problem is that, in (1311 11. instead 
of Ox{Kx) we have Ox{—A^^) and —A^^ is Q-linearly equivalent to Kx + A<^. 
The presence of the fractional part A<^ and the Q-linear (as opposed to linear) 
equivalence both cause problems. 

Assume next that {X, A) is dlt and A^^ fully supports a big and semi-ample 
divisor M. Note that 

0 Kx + eM -I- (A — eM) and A^^ ~ eM -\- (A^^ — eM), 
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thus by vanishing we see that 

W{X, Ox) = 0 for i > 0 and H^{X, Ojf (-A=i)) =0 for i < n. 

Using ([STJl) these imply that 0^=i) = 0 for 0 < i < n — 1. 

Finally, by Theorem[T31 we are free to replace (X, A) with any other logCY pair 
that is crepant birational to it. We first apply Theorem then Lemmas US] and 
[57] to reduce to the already established case when A“^ fully supports a big and 
semi-ample divisor. □ 

Next we study the top cohomology of the structure sheaf and of the dual complex. 

32 (The top cohomology of logCY pairs). Let (X, A) be a dlt, logCY pair of dimen¬ 
sion n. Then iL"(X, Ox) is Serre dual to H^{X, Ox{Kx)) hence iL”(X, Ox) = 0 
save when A = 0 and Kx 0. 

Let D C A^^ be an irreducible component such that Od) ^ 0. As we 

noted above, then Diff^ A = 0, thus D is a connected component of Supp A. As we 
noted in ParagraohfTBl there are 2 possibilities. Either A^^ = D or A^^ — D + D' 
has 2 irreducible components which are crepant birational to each other. 

Let {Y, Ay) be a dlt pair. Set X := Ay^ and assume that (C • {Ky + Ay)) = 0 
for every curve C <Z X. We can then view (X, A := Diff^Ay) as a reducible 
logCY pair. A non-embedded definition of such pairs, called semi-dlt pairs, is given 
in [Koll31 Sec.5.4]. The precise definition is not important for now, we will only 
use the case when X = Ay^ as above. 

Using these observations inductively, we get the following. 

Claim dUf. Let (X, A) = \Ji{Xi,Ai) be a connected, semi-dlt, logCY pair of 
dimension n. Assume that it has a stratum W C X of dimension r such that 
H^{W,Ow) 7 ^ 0. Then 

(1) all strata have dimension > r, 

(2) the r-dimensional strata are crepant birational to each other and 

(3) dimX>(X) = n — r — 1. □ 

Let X = Ujg/Xi be a simple normal crossing variety. The cohomology of Ox is 
computed by a spectral sequence whose Ei terms are 

£;f^ = iJ9(Xp,C)xJ where Xp := n.gjX,. (|3l2) 

JCl,\J\=p+l 

In the bottom row q = 0 we find the complex that computes the cohomology of 
V{X). Note also that if Ovu) = 0 holds for every positive dimensional 

stratum then the only term that contributes to iJ"(X, Ox) is = iJ"(l?(X), C). 
We have thus proved the following. 

Claim dH^. Let (X, A) = Ui(Xi,Ai) be a connected, semi-dlt, logCY pair of 
dimension n such that iJ"(X, Ox) ^ 0. Then 

(1) either H^{V{X),Q) = Q, 

(2) or dimI?(X) < n. □ 

Next we prove Proposition [5] 

33 (Dimension induction). Let (X, A) be a dlt logCY pair of dimension n such that 
Kx -t- A ~ 0. As we noted in Paragraph [T5l the local structure of VMTl{X, A) is 
determined by the lower dimensional logCY pairs. 
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Assume first that {X, A) has maximal intersection. Using Proposition [31] and 
Paragraph|32|we see that {VMTZ{X, A), Q) = Q hence 'DM'R{X, A) is a ra¬ 
tional homology sphere. In low dimensions we obtain complete answers to Question 

SI 

If n = 1 then X = F^ and 'DM.TZ{X^ A) ~ S°. 

If n = 2 then A is a rational surface and 'DM.TZ{X, A) ~ S^. 

If n = 3 then 'DAiTZ{X, A) is a 2-manifold that is a rational homology sphere. 
Thus PM7^(A,A) ~S2. 

If n = 4 then 'DM.Ti{X, A) is a 3-manifold that is a rational homology sphere. 
The fundamental group of a 3-manifold is residually finite |Hem87) . thus ([Hd) 
implies that the fundamental group itself is finite. By ([2|5) the universal cover 
is a simply connected homology sphere, thus VMTl{X, A) ~ (This uses the 
Poincare conjecture.) Note however that we do not claim that VMTZ{X, A) is the 
sphere 

Thus, starting with n = 5 we do not claim that 'DM.TZ{X, A) is a manifold. 

We can, however, do better if {X, A) is a simple normal crossing pair. In this case 
Theorem (361 implies that 'DAiTZ{X, A) and its links are simply connected. Thus we 
get that VMTZ{X, A) is homeomorphic to a sphere if dim A < 5. (Conjecturally, 
PL-homeomorphic to a sphere.) 

If n = 6 then 'DA4TZ{X, A) is a 5-manifold that is a simply connected rational ho¬ 
mology sphere. Our results say nothing about the torsion group H 2 {'DMTZ{X, A), Z) 

Finally consider the case when (A, A) does not have maximal intersection. A 
similar induction shows that, for dimI?A477.(A, A) < 3, the universal cover is a 
simply connected manifold, possibly with boundary. Thus 'DMTZ{X, A) is either a 
sphere or a ball. 


34. Let g : Y —>■ D be a CY-degeneration of relative dimension n satisfying the 
conditions ([6|l-2). 

If Xi C Yq is an irreducible component and Di C Xi is the intersection of Xi 
with the other components then {Xi,Di) is a logCY pair and 'DMTZ{Xi, Di) is 
PL-homeomorphic to the link of [A^j G T>(Yo). Thus if n < 3 or if n < 5 and the 
central fiber is a simple normal crossing divisor then D{Yq) is a manifold using the 
results of Paragraph (331 

Since Yq has Du Bois singularities (cf. |Koll31 Chap.6]) we see that D{Yo, Oyq) = 
h*(Yt, OvJ = 0 for 0 < i < n, thus D(Yo) is a rational homology sphere. 

Finally, there are natural surjections 


TTl (Y \ Yo) ^ TTl (Y) ^ TTl (Yo) ^ TTl (T’(Yo)) . 


We assumed that Yt is simply connected for t ^ 0, hence 7ri(Y \ Yq) is a quotient 
of 7ri(D \ {0}) = Z. Since Yg is reduced, Y —>■ D has a section, thus 7ri(]D> \ {0}) 
gets killed in 7ri(Yo). 

These imply that tti (V{Yq)) is trivial and so D{Yq) is a simply connected rational 
homology sphere. For n < 4 this implies that it is homeomorphic to a sphere (con¬ 
jecturally PL-homeomorphic to a sphere). This completes the proof of Proposition 

m 






THE DUAL COMPLEX OF CALABI-YAU PAIRS 


13 


5. Fundamental groups of logCY pairs 

In this section we study various fundamental groups associated to a logCY pair. 
It is easy to see that usually X itself is simply connected. It is much more inter¬ 
esting to understand the fundamental group of the smooth locus tti (Y®™) and the 
fundamental group of the dual complex. Note that while the latter is a crepant- 
birational invariant, the fundamental group of the smooth locus is not; see Example 

ESI 

35 (General set-up). Let X C CP^ be a normal, projective variety and D C X a 
divisor. Fix a smooth metric on CP^ and for 0 < 5 <C 1 let C Y denote the <5- 
neighborhood of D. Then U is a deformation retract of Ds, hence tti{Ds) = Tri{D). 
If (Y, D) is snc or dlt then we can form the dual complex ^{D) and we have a 
surjection 

tti{V{D)). 

li Z a X \ Ds IS any closed subset then there is a natural map Ld : ■ni{Ds) —>■ 
7 ri(Y \Z). Very little is known about this map in general but if D is ample and 
dim Y > 3 then it is an isomorphism by the Lefschetz hyperplane theorem for large 
enough finite Z C Sing Y. Thus we have the following inclusions 

Y"“ ^ X\Z ^ Ds ^ D 
and these induce maps on the fundamental groups 

ti(Y'^“) ^^i{X\Z)l^ni{Ds)=TTi{D)^^i{V{D)). dSai) 

Thus if Ld is an isomorphism then we obtain surjections 

TTi (Y"“) ^ TTi (Y \ Z) ^ TTi (D) ^ TTi {V{D )). ([332) 

We would like to apply this to (Y, for a logCY pair (Y, A). Typically A=^ is 
quite negative but Theorem |43 shows that ampleness can be achieved for a suitable 
crepant birational model (Y,A). Unfortunately (Y,A) is not dlt. We thus have 
to find a dlt model (Yg, Ag) where A^^ is close enough to being ample that the 
above arguments apply. An extra complication is that tti (Y®™) is not a birational 
invariant. At the end we prove ([3512) for D = A^^. 

If ([3512) holds then any finite covering space D{D) —^ D{D) lifts to a finite, etale 
cover of Y \ Z, hence to a hnite, possibly ramihed cover p : X ^ X that is etale 
along D. If every prime divisor E G X has non-empty intersection with D then p 
is quasi-etale. If {X,D) is dlt, logCY and p is quasi-etale then {X,D := p~^{D)) 

is also logCY and V{D) = V(JJ). 

This gives a realization of covering spaces of D{D) as dual complexes of quasi- 
etale covers of {X,D). Thus (15512') for D — A=^ implies ([5]5). 

The main result of this section is the following restatement of ([33). 

Theorem 36. Let (Y, A) be a dlt logCY pair sueh that dimY, A) > 2. 
Then there are surjections 

7ri(Y™) ^7ri(A=^) ^7rl('DM7^(Y,A)). 

We start with the equality of the last 2 groups. 

Lemma 37. Let (Y, A) be a dlt logCY pair that has maximal interseetion. Then 
7ri(A=i) ^7ri(DM7e(Y,A)). 
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Proof. By [Koll31 4.40] the irreducible components of are also dlt logCY 
pairs that have maximal intersection. Thus Proposition [19] implies that they are 
rationally connected. A proper, rationally connected variety is simply connected 
by |Cam91[ IKMM92] , thus Lemma |26| shows that 

7ri(A=i) ^7ri(T'(A=^)) ^ 7ri(VMn{X, A)). □ 

We next prove a variant of Theorem 1361 

Proposition 38. Let (A, A) be a dlt logCY pair of dimension > 3. Assume that 
A^^ fully supports a big and semi-ample divisor and every prime divisor E G X 
has non-empty intersection with A“^. Then there are surjections 

TTl ( A"“) ^ TTl ( A=^ ) ^ TTl {VMn{X, A)) . 

Proof. By assumption there is a birational morphism f : X ^ Y and an ample 
divisor H on Y such that Supp/“^(iL) = SuppA=^. Corollary l40l shows that 
TTl (A®™) ^ 7ri(A^^) is surjective while 7ri(A=^) ^ tti (X>A172.(A, A)) is surjective 
by Lemma [26l □ 

The key ingredient of the above proof is the following immediate consequence of 
[GM881 Part II, Thm.l.lj. As in Paragraph 1551 Hs G> H denotes a neighborhood 
of H (in the Euclidean topology) such that H is a deformation retract of Hs- 

Proposition 39. Let U be a smooth (possibly non-proper) variety, f : U ^ W a 
birational morphism and H an ample divisor on W. Assume that dim f~^(w) < 
dimt/ — 2 for every w € W \ H. Then there is a natural isomorphism 

TTl{f~^Hs) = TTl{U). □ 

Corollary 40. Let f : X ^ Y be a birational morphism between normal, projeetive 
varieties. Let H be an ample divisor on Y such that every prime divisor E G X 
has non-empty intersection with f~^[El). Then there is a natural surjeetion 

Proof. Set L[g™ := f~^Hs n A®™. By Proposition [39l there is an isomorphism 

and the natural injection ^ f~^(Hs) induces a surjective morphism 

Finally we can choose Hg such that f~^{Hs) retracts to f~^{H) hence TTi{f~^{Hg)) 
TTi{f~^{H)). Combining these we get a surjection 

mix^^)^TT,{f-\H)). □ 

Lemma 41. Let f : X ---» Y be a rational contraction between normal, proper 
varieties. Then there is a natural .surjection 

TTl (A™) ^7ri(A"“). 

Proof. f~^ gives a birational morphism A®™ \ Ex(/“^) ^ A®™ which gives a sur¬ 
jection 

^i(A™\Ex(/-i)) ^^i(A^“). 

Since / is a rational contraction, Ex(/“^) has complex codimension > 2 thus 
TTl (A®"" \ Ex(/-1)) = TTl (A®“). □ 








THE DUAL COMPLEX OF CALABI-YAU PAIRS 


15 


42 (Proof of Theorem [36]) . The plan is to use Theorem |49| to find a crepant bi- 
rational logCY pair {X, A) such that A=^ fully supports an ample divisor H and 
then use Proposition 1551 on a dlt modification of (X, A). This almost works and 
there are only two problems: 7 ri(X®™) is not a birational invariant and we have to 
deal with the relative case. In order to deal with the first problem we have to work 
with a different model to which Proposition|38|does not apply directly. Nonetheless 
we follow this path and use [dFKXl^ Thm.3] to go around the difficulties. 

We use Corollary |S5| to obtain crepant birational maps 

i/i := 5-1 o 0 : (X, A) (X, A) ^ (X„ A,) gll) 

satisfying the properties (1581 1-51. By Lemma |4T] we have a natural surjection 
7 ri(X"“) ^ 7 ri(X|“) and T>X17e(X, A) - VMn{Xs,A,). Using |dFKX121 Thm.3] 
we obtain that 'D{g~^{H)) is homotopy equivalent to 'DM7Z(Xs, As), hence 

Tri{V{g-\H))) ^ni{VMTZ{Xs,As)) ^ ni{VM'JZ{X, A)). ^2) 

Thus it is enough to prove that there is a natural surjection 

MXr)^M9-\H))- i2l3) 

Next we look at the morphism qs : Xs ^ Z in Corollary |58| If Z is a point (this 
is always the case if (X, A) has maximal intersection) the surjectivity of (1421 31 is 
implied by Corollary HOI 

If Z is positive dimensional, let Z* C Z he an open subset such that both 
qs '■ Xg ^ Z and its restriction qn ■ g~^{H) —>■ Z become topological fiber bundles 
q*s : X* —>• Z* and q'^ : g~^{H)* —>■ Z* . For both of these, the fundamental 
group surjects onto the fundamental group of Z* and the kernel is the image of the 
fundamental group of the fiber. We have already established a surjection between 
the fundamental groups of the respective fibers, thus we have a surjection 


7ri(x;) -7ri(5-i(7J)*), 

614) 

which in turn gives a surjection 


^i(x;) ^^ 1 ( 5-1 (iL)). 

615) 


Equivalently, every etale cover of g~^{H) comes from an etale cover of a suitable 
Zariski open neighborhood Xg D U D g~^{H). Now we can use (155141 to obtain 
that Xs\U has codimension > 2, thus, by the purity of branch loci, (H5l5l extends 
to a surjection 

7ri(X|“) ^ 711 ( 5-1 (iJ)). (016) 

Putting all of these together we have a chain of natural surjections 
Ti(X'^“)^7ri(Xr)^7ri(5-i(if))^7ri(P(5-i(iL))) ^^i(P7W7e(X„A«)). □ 

The arguments of Paragraph]^ show the following variant of ([2j5). 

Corollary 43. Let (X, A) be a logCY pair that has maximal intersection. Then 
every finite degree covering space of 'DAiTZ{X, A) is the dual complex of a suitable 
quasi-etale cover of {X, A). □ 

It is natural to conjecture that, under the assumptions of TheoremlSSl tti (X™) — 
and hence also the other 2 groups—are finite, but we have only the following weaker 
result. 

Proposition 44. Let (X, A) be a dlt, logCY pair. Then 
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(1) either 7ri{X^’^) is finite 

(2) or there is a quasi-etale eover (X, A) —^ (A, A) and a dominant map q : 
X Z onto a non-uniruled variety. 

In particular, if (A, A) has maximal intersection then the groups 7ri(A®™) and 
iti {VM'R[X, A)) are finite. 

The key result we use is the following local variant. 

Theorem 45. [Xu 14] Let (0 € A) be a normal singularity over C that is potentially 
dlt. (That is, there is a divisor A such that (A, A) is dlt.) Then there is a Euclidean 
open neighborhood 0 G V C X such that Tti{V \ {0}) is finite. □ 

A formal argument can be used to go from the local to the global situation. 

46 (Local and global fundamental groups). Let M be a compact simplicial com¬ 
plex and C C M a closed subcomplex. Set N := M \ C and let i? C A be a 
nowhere dense, closed subcomplex. Assume that every p G B has a contractible 
neighborhood Up such that Vp := Up <1 {N\B) is connected. 

By repeatedly applying van Kampen’s theorem we get the following. 

Claim\J^l. The natural map 7ri(A \ i?) —5> is surjective and its kernel is 

generated (as a normal subgroup) by the images of the maps Tri{Vp) tti{N \ B). 
The same holds for the pro-finite completion 7ri(A \B) ^ Tti{N). □ 

Assume now that the 7ri(l^) are all finite. Since M is compact, the images 
im[7ri(t^) '7ti(N\B)] form finitely many conjugacy classes. Thus there is a finite 
index normal subgroup G C 7ri(A \ B) such that 

G n im[7fi(V^) —)• 7ri(A \ B)] = {1} \/pGB. (H512') 

Let SB ■ (A \ B)"" {N\B) be the corresponding cover; it extends to a ramified 

cover s : A —>• A. 

By construction the maps Tti{Vp) —>■ 7ri(A \ i?) are all trivial where Vp denotes 
the preimage of Vp. Using (HSl ll for B C N we obtain the following. 

Claim \4^ 3- With the above notation and assumptions there is a natural isomor¬ 
phism TTi (A \ B) = ffi (a) . Furthermore, a similar isomorphism holds for every 
finite degree covering space of A \ B. □ 

(It is quite likely that the analog of (HS1 31 fails for the topological fundamental 
group if A is an arbitrary simplicial complex. We do not know what happens if A 
is an algebraic variety.) 

Applying this to a complex algebraic variety, we get the following dichotomy 
which is essentially proved in |GKP13j . 

Corollary 47. Let X be a normal variety over C whose singularities are potentially 
dlt. Then 

(1) eit/ier 7ri(A®“) is finite 

(2) or there is a quasi-etale cover p : A —>■ A such that 7ri(A) = 7ri(A™) is 
infinite. 

Proof. By |Hir73j there is a Whitney stratification 


Ao := A D A 2 := Sing A D A 3 D ■ • ■ D A„+i = 0 
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such that X is (locally in the Euclidean topology) a product along each Xi \ Xi+i 
and dimXi = n — i; see also [GM881 Part 1. Chap.l]. 

We are done if 'Ti(X\X 2 ) is finite. Otherwise, assume that \Xi) is infinite 
for some i. Let (0 G Zi) denote a general transversal slice of X along Xi \ 

Then (0 G Zi) is potentially log terminal, hence, by Theorem 1451 every point 
X G Xi \ Xi+i has a Euclidean open neighborhood Ux such that Vx '■= Ux \ Xi is 
connected and 7ri(14) is finite. 

Choose a compactification X D X and apply (115131 with M := X, C := Xi+i ij 
(X\X) and B := Xi to obtain a quasi-etale cover p : X ^ X such that tti (^X\Xi^ = 
TTi {X \ . Thus TTi {X \ Xi+i^ is also infinite. 

We can now replace X hy X and apply the above argument with i replaced by 
7 + 1. After n steps we get a quasi-etale cover X such that is 

infinite. □ 

48 (Proof of Proposition [44l) . Let p : X ^ X he a quasi-etale cover. Then (X, A := 
p*A) is also a dlt, logCY pair. If there is a dominant map q : X ---» Z onto a 
non-uniruled variety then we are in the second case. Otherwise, as we noted in 
Paragraph [THl X is rationally connected, hence simply connected. Thus 7ri(Ai®™) 
is finite by Corollary |47l □ 

6. Construction of Fano models 

Our main technical theorem says that every logCY pair (X, A) with maximal 
intersection is crepant birational to a logCY pair whose boundary is big. For some 
applications one needs to know what happens without maximal intersection and 
it is crucial to have very tight control over the exceptional divisors of the crepant 
birational equivalence. 

Theorem 49. Let {X, A) be a Q-factorial, dlt, logCY pair. Then there is a crepant 
birational map (j) : {X, A) —^ (X, A) to a logCY pair and a morphism q : X ^ Z 
such that 

(1) A=^ fully supports a q-ample divisor, 

(2) every log canonical center of {X, A) dominates Z , 

(3) E C A^^ for every (j)~^-exceptional divisor E C X and 

(4) (j>~^ is an isomorphism over X \ A^^. 

Note that in general X is neither Q-factorial nor dlt, but, by (4), X \ A^^ is 
Q-factorial and kit. 

50 (Outline of the proof). The proof, inspired by |BMSZ15] . focuses on guarantee¬ 
ing the properties (l49ll-2l. then we note that (|49] 3-4l are also achieved. 

Assume that we have {X, A) and let .ff be a g-ample divisor supported on A^^. 
Then — {Kx + A — eH) is g-ample, thus g is a Fano contraction for the pair (A, A — 
eH). It is thus reasonable to hope that we can obtain it using MMP for {X, A — eH). 
We do not know what H should be, so we start by pretending that H = A^^ and 
e = 1. 

Step 1. Run the {X, A<^)-MMP. It ends with a Fano contraction g : {X^, A)?^) 

Zi where A)f^ —{Kxr + A)?^) is g-ample. Thus ((551 11 holds but we have no 
information on (1551 21. 

Step 2. Apply the canonical bundle formula of Paragraph 1201 and write 
Kx,. + Ar g*{Kzi + Ji + Bi). 
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A key point is that {Zi, Ji + Bi) behaves very much like a logCY pair. (Conjec- 
turally one can choose a divisor Di Ji such that {Zi,Di + Bi) is a logCY pair.) 
Furthermore, (^01 101 essentially says that 7^ 0 iff (A^, A^) has a log canonical 
center that does not dominate Z\ . (This actually holds only for suitable birational 
models.) 

Ste-p 3. Repeat Step 1 for {Zi,Ji + Bi) to get Zx ---» Z-i- (In general there are 
serious technical problems working with pairs {Z^ A) where A is not known to be 
effective, but one can do this much.) 

Step 4- Show that a suitable birational model of the composite X Zi 
Zi satisfies (l^ ll and repeat the arguments. At each step the dimension of Zi 
decreases, so eventually we stop and then (j49ll-2) hold. 

Step 5. Prove that the properties (@913-4) also hold. 

Definition 51. Given a logCY pair (Y, Ay) and a dominant morphism q : Y Z, 
a log canonical center IF C Y is called vertieal if q\w : IF —t Y is not dominant. 

52 (Proof of Theorem Note that Z = X = X works if (A, A) is kit and 
Paragraph [16] settles the case when 'DM.TZ{X, A) is disconnected. Thus we may 
assume that Supp A^^ is connected and nonempty. 

Next we find a logCY pair (A, A) that is crepant birational to (A, A) and a 
morphism q : X ^ Z such that 

(1) A^^ fully supports a divisor H such that the corresponding map tp ■= 

■tPpj : X Projz0„g,(C>^( mH)^ is a morphism outside the vertical log 

canonical centers and an isomorphism outside the log canonical centers, 

(2) the properties (@913-4) are satisfied and 

(3) dim Z is the smallest possible. 

(The trivial case Z = X = X satisfies ([52ll), (15^ 31 and ([52l4) since any divisor 
is relatively ample for the identity morphism. Thus such (A, A) and q : X ^ Z 
exist.) 

Note that property (1) is clearly invariant under birational maps that are iso¬ 
morphisms outside the vertical log canonical centers (we will have many such maps 
during the proof). We then have to go from this property to g-ampleness at the 
end using Lemma [56l 

We are done if the property (@9l2) also holds, thus assume that there is a ver¬ 
tical log canonical center. Next we first improve A, then Z and finally obtain a 
contradiction by showing that dim Z is not the smallest possible. 

By assumption (@9l4) A \ A^^ is Q-factorial and dlt, thus we can choose a 
Q-factorial dlt modification tt : (Ai,Ai) (A, A) that is an isomorphism over 
A \ A^^. Then tt*H also satisfies property (1). Thus we may replace (A, A) by 
(Ai, Ai) and assume from now on that (A, A) is Q-factorial and dlt. 

Next write A=^ = T^ -f T'' as the sum of its horizontal and vertical parts. By 
Lemma EZl after extracting some divisors we may also assume that T'" 7^ 0 and 
(A, A<^ + r'') has no vertical log canonical centers. (This is the only step that 
introduces divisors that appear in (@9l3).) 

For the 3rd step, we run a + A<^ + r^)-MMP using [HX131 Thm.1.1]. 
After replacing A with the resulting minimal model and Z by the corresponding 
canonical model, may also assume that Kj^ + A<^ + F^ is the pull-back of a Q- 
divisor from Z. Lemma [55] guarantees that (@9l4) still holds. We can now apply 
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the canonical bundle formula of Paragraph [20] and write 

K^ + A<^+T^ q*{Kz + J + B'^) and 

+ A<i+rh + r- q*lKz + J + B). 

Note that the J-parts are the same by (I20l 5l and the Q-linear equivalence P'' 
q*{B — B^) implies that P'" = q*{B — B'^). Furthermore, using (1^ 7-101 we see 
that B — B'^ equals the reduced part B^^. Thus P'' = q*{B^^). 

So far we have focused on optimizing the choice of X; next we consider Z. As we 
change Z, we have to keep changing X to ensure that we have a morphism A —> Z. 

As explained in ParagraphjSS] we can run a (Z, J + _B^)-MMP to get (Z, J + B^) 
and qz ■ Z ^ W. Using Lemma [Ml we see that, by passing to a suitable crepant 
birational model of (A, +r^ + r'') we may assume that we have a morphism q : 

A —>■ Z and P'' = q*{B~^) remains true. Furthermore, Z —■* Z is an isomorphism 
outside Z \ B^^ by Lemma [55] and so (|49l4) still holds by Lemma [54l 

We aim to use 

(A, A = A<i + f+ f'^) and qz o q ■. X ^ Z ^ W 

to contradict the minimality of dimZ. The question is whether property (1) is 
satisfied or not. The problem is that there are log canonical centers that are vertical 
for q but not vertical for qz o q. 

We know that B^^ supports a (jz-ample divisor Hz and A^^ supports a divisor 
H whose restriction over Z \ B^^ is the pull back of a relatively ample divisor 
under a birational morphism. Since q~^{B^^) = SuppP'' C SuppA^^, we see 
that H, q*Hz are both supported on A=^. If Hx is g-ample then Hx + mq*Hz is 
qz o g-ample for m ^ 1 and we are done. 

Finally, we aim to use Lemma lhBl for A := H to pass to another crepant birational 
model 

(A, A) and X^Z^W 

where Hx is g-ample. Note that we can not apply Lemma [511 directly to (A, A) 
since L"' contributes Ic centers that do not dominate Z. However, f"' is the pull¬ 
back of B^^, thus numerically q-trivial. Therefore we can apply Lemma 1561 to 
(a, A<^ -|- f**) to get (a. A) —>■ Z as needed. 

By property (1), ipH is an isomorphism over A \ A“^ thus (H^ 4l still holds for 
the final (A, A). □ 

We have used several lemmas during the previous proof. 

53 (MMP for (Z, J -1- B)). In general very little is known about MMP for a pair 
(Z, 0) where 0 is not effective but this can be done in the special case when -|- 0 
is not pseudo-effective and (Z, 0) is a limit of kit pairs. 

To make this precise, fix an ample divisor H and assume that there is an effective 
Q-divisor Ag 0 -|- eH such that (Z, A^) is kit and Kz + Ag is still not pseudo¬ 
effective. Then every step of the {Kz + Ag)-MMP with scaling of H is also a 
step of the {Kz + 0)-MMP with scaling of H and the program ends with a Fano 
contraction q : (Z^, 0m + eHm) —t W such that —{Kz^ + 0m) is q-ample. 

We remark that Z does not to have to be Q-factorial. Given a birational con¬ 
traction gi : {Zi, Qi) —>• Wi, let Z^+i be the canonical modification of {Wi, (gi)*0i); 
the latter exist by [BCHMI^ . The termination of this process also follows from 
the finiteness of models as in [BCHMl^ Thm.E]. 
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The following is essentially proved in [Birl21 IHX13] . 

Lemma 54. Let {X, A) he a Q-factorial, quasi-projective, dlt pair with a projective 
morphism f : X ^ Z such that f*Ox = Oz- Assume that Kx + A f*N for a 
Q-Cartier Q-divisor N on Z. Let g : Z ^ W be a birational morphism such that 
g*Oz = Ow and assume that R[Z/W, N) := (Bmg*OzirnN) is a finitely generated 
algebra over W. Set Z^ := Proj^y R{Z/W, N). Then there is a model X'^ of (A, A) 
over W, such that 

(1) / extends to a morphism f~^ : A+ ^ Z^ and 

(2) X ---» X'^ is an isomorphism over the locus where Z ---» W is an isomor¬ 
phism. 

Proof. It follows from |HX13[ 2.12] that {X, A) has a good minimal model A+ over 
W. So A+ admits a morphism to Furthermore, by |HX131 2.9], we know that 
A+ can be obtained by running a suitable {Kx + A)-MMP over W. Thus all steps 
are isomorphisms over the locus where .Z ---» IF is an isomorphism. □ 

Lemma 55. Let g : (A, Ai + A2) Z be a relative logCY where the A^ are 
effective and A2 is Q-Cartier. Let (j) : X ---» X' he a rational map obtained by 
running a {Kx + Ai)-MMP. Then is an isomorphism on X' \ Supp A^. 

Proof. It is enough to check this when ^ is a single step of the MMP. So assume 
that (j) corresponds to the extremal ray R C NE{X/Z). Let g : A —IF denote the 
corresponding contraction and set 

A' := Proj^ ^ Ow{\mKw + mg^Ai\) = Proj^y ^ Ow{\_-mg^A2\). 

m>0 m>0 

If a curve C C A' is contracted by g' then (C" • AQ < 0, thus Ex(g') C Supp A^. 
Therefore g' is an isomorphism on X' \ Supp A2. 

Pick w G W. If (7' is a local isomorphism over w but g is not then there is a 
(/-exceptional divisor E such that w G g{E). Let C C A be an irreducible curve 
such that [C] G R. Then {C ■ {Kx + Ai)) < 0 hence {C ■ Afi) > 0. In particular 
E C Supp A2. An effective exceptional divisor can not be relatively nef, thus 
w G Supp((7*A2). Therefore 4>~^ is an isomorphism on A' \ Supp A^. □ 

Lemma 56. Let g : (A, A) ^ Z be a relative logCY and A a Q-Cartier X-divisor 
on A. Let Z'^ GL Z be an open subset such that 

(1) the restriction of |A] to Aq := (/“^(Zq) is base point free and big, 

(2) no Ic center of (A, A) is contained in g~^{Z \ Z^). 

Then there is a relative logCYg' : (A', A') —>■ Z and a crepant birational contraction 
map (j) : (A, A) —-)■ (A', A') such that (/)*A is q'-ample. 

Proof. Let tt : A —>■ A be a Q-factorial dlt modification of (A, A) with Kj^-\- A = 
tt*{Kx + A). Let D G 7r*|A] a general member. Then D does not contain any of 
the log canonical centers of (A, A), hence (A, A + eD) is also dlt for 0 < e <C 1. 
By [HX13j it has a relative canonical model (A', A' + eD'). Then D' is (/'-ample 
since Kx' + A' is numerically (/'-trivial and D' □ 

Lemma 57. Let (F, A) be a Q-factorial dlt pair and C C 'DjYnZ{Y, A) a closed 
subcomplex that contains all the vertices. Let Wc C Y be the union of the strata 
corresponding to those simplices that are not contained in C. 
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Then there is a Q-factorial dlt pair {Yc,A.c) and a proper, crepant, birational 
morphism g : {Yc, Ac) —S' (Y, A) such that 

{1) g is an isomorphism over Y \ Wc, 

(2) all the exceptional divisors have discrepancy —1 and 

(3) VMTZ{Yc,gT^A) =C. 

Proof. Assume first that (Y, A) is a simple normal crossing pair. Then the process 
is straightforward. First we blow up the strata corresponding the maximal dimen¬ 
sional simplices not contained in C, then the strata corresponding to codimension 
1 simplices not contained in C and so on. 

In general, first we take a thrifty resolution (Yi,Ai) —>• (Y,A) as in [Koll31 
Sec.2.5] where Ai is the birational transform of A. Then (Yi,Ai) is a simple 
normal crossing pair, thus we can apply the previous argument to get (y 2 , A 2 ) 
(Yi, Ai) —^ (Y, A) where A 2 is the birational transform of Ai. Finally we take a 
minimal model for (Y 2 , A 2 + E), where E is the exceptional divisor of Y 2 ^ Y. As in 
[K 0 II 3 I 1.35], this removes the exceptional divisors whose discrepancy is > — 1. □ 

In general the pair {X, A) in Theorem 1491 is neither unique nor dlt and for some 
applications we need a carefully chosen dlt modification. 

Start with a projective logCY pair {X, A). After extracting divisors with discrep¬ 
ancy — 1 we may assume that (A, A) is dlt and Q-factorial. Then apply Theorem 
|49]to get (A, A) and q : X ^ Z. Finally let g : (Ag, A^) —>■ (A, A) be a Q-factorial, 
dlt, crepant modification that extracts precisely all (^-exceptional divisors and pos¬ 
sibly some other divisors with discrepancy —1; see |Koll3[ 1.38]. Then g~^ o (/> is a 
crepant birational map and we obtain the following. 

Corollary 58. Every logCY pair (A, A) is crepant birational to a Q-factorial, dlt, 
logCY pair (Ag, Ag) with crepant birational maps 

:= g-^ o 4> : (A, A) (A, A) A (Ag, Ag) 

such that there is a morphism Ps '■ Ag Z with the following properties. 

(1) Every log canonical center of [Xg, As) dominates Z, 

(2) Aj1cj7-1(A=1), 

(3) g ^(A fully supports a Qs-big and qg-semi-ample divisor, 

(4) every prime divisor Eg C Ag has non-empty intersection with g~^{A^^). 

(5) is a crepant, birational contraction and Eg C A^^ for every 

exceptional divisor Eg C Ag. □ 

7. The boundary of crepant birational pairs 

So far we have studied the dual complex of logCY pairs (A, A). Some of the 
invariance results have their counterparts for [A] as well. 

Theorem 59. Let g : (Ai, Ai) —^ (A 2 , A 2 ) be a proper, crepant birational map 
of dlt log pairs as in m- Assume that either the Ai are effective or the {Xi,Ai) 
are simple normal crossing pairs. Set Di := A^^. Then 

(1) H^[Di,Odi) = H'’( 02 , 002 ) for every i and 

( 2 ) 111(0^)^111(02). 
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Proof. In the simple normal crossing case g can be factored as a composite of 
smooth blow-ups and blow-downs whose centers have simple normal crossings with 
Supp A. For any one such blow-up the claimed isomorphisms (1591 1-2') are clear. 

In order to reduce to this case let {X, A) be a dlt log pair with A effective; thus 
[AJ = A^^. Let p : (Y,Ay) —>■ A) a thrifty resolution as in |Koll31 Sec.2.5]. 
Set D :=p“^A=^. Consider the exact sequence 

0 ^ Ori-D) -^Oy ^Od^O. 

Note that R^p^:Oy = 0 for * > 0 since X has rational singularities and [KollSl 
2.87] implies that Wp^Oy{—D) = 0 for i > 0. Thus Wp^,Od = 0 for i > 0 and 
P,Od = Olaj- Therefore H\D,Od) = [AJ, ©laj)■ 

It remains to establish that (1591 21 holds for p. For this it is enough to prove 
that every fiber of g := p\d ■ D —>■ [AJ is simply connected. If [AJ is normal, this 
follows from |Kol931 7.5] in the algebraic case and |Tak03| in general. The proof of 
[Kol931 7.5] works in the non-normal case; most likely the same applies to [Tak03] 
but we have not checked the details. One can, however, go around this problem as 
follows. 

Fix a point x G [AJ and let Si,... ,Sr C X be the irreducible components of 
[AJ passing through x with birational transforms Hi,..., Dr C Y. 

We use induction on r and on the dimension. If r = I then, as we noted, g~^{x) 
is simply connected. For r > I, let denote the restriction of g to Dr and gr-i the 
restriction of g to Hi U • • • U H^-i. Both h~^{x) and g~\{x) are simply connected 
by induction. Their intersection is isomorphic to the fiber we get from the lower 
dimensional thrifty resolution 

(H„Diffli^ Ay) ^ iSr,DiS*s^ A), 

hence also simply connected. Thus g~^(x) is also simply connected by van Kam- 
pen’s theorem. □ 


8. Examples 

Example 60. Start with Xi = and A = (0:1) + (1:0). Let ti be the involu¬ 
tion {x:y) !->• {y:x). Set (A„,A„) := (Ai,Ai)", r„ the involution (ti,...,ti) and 
(y„,A)[):= (A„,A„)/(r„). 

Then VMTZ{Xn, An) is the boundary of the cube of dimension n, thus PL- 
homeomorphic to while 'DAiTZ{Yn, A^) — RP"“^. 

Example 61. Let G be a group of order m. It acts on p™“i by permuting the 
coordinates. Pick a general hyperplane and move it around by G to get a logCY 
pair (P™“^, Am). The dual complex is the boundary of the (m — I)-simplex, thus 
PL-homeomorphic to 8™“^. 

Next we take the quotient by G. The boundary consists of 1 divisor with com¬ 
plicated self-intersections. It is thus better to take the barycentric subdivision first 
and then take the quotient. See [dFKX12l Rem.10] on how to do this with blow¬ 
ups to obtain a dlt pair {Xm, Am). The resulting quotient need not be dlt; such 
examples led to the introduction of quotient-dlt pairs in [dFKXl^ Sec.5]. 

The dual complex of the quotient is §™“^/G. Note that usually G has fixed 
points on 8™“^. The only exception occurs when G is cyclic of prime order m = p. 
In these cases tti {VMTi{Xp, Ap)) = Zp. 
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Example 62. Let A be an Abelian surface and X — A/(±) the correspond¬ 
ing Kummer surface with minimal resolution X'. Then X and X' are crepant- 
birational. Note that X' is smooth and simply connected while tti is infinite. 

There are similar examples involving only rational surfaces. Start with x P^ 
and an involution r with 4 isolated fixed points. Set X = (P^ x P^)/(t) with 
minimal resolution X'. In this example X' is smooth and simply connected while 
7ri(X™) ^Z/2. 

Example 63. Let T be a smooth CY and L a very ample line bundle. Set X := 
Pv(L -b Oy) and D,D' G X the 2 sections. Then {X, D + D') is a logCY. 

Choose indexing such that Ox{D)\d — L. Then D is big and semi-ample. Thus 
D + D' supports—but not fully supports—a big and semi-ample divisor and yet X 
is not rationally connected. 

The linear system \D\ is base point free; let Di,..., £>„ be general members. Set 
A := ^(Di -b ■ • • -b Dn) + D'. Then {X, A) is a log CY with a morphism X ^ Y 
to a CY but, for n > 3, (X, A) —>• Y is not a product, not even locally analytically 
at the generic point. 

This contrasts with the product theorem of [KL09] for Calabi-Yau varieties 
without boundary divisors. 

Example 64. Let (X^, A^) be two logCY pairs. The product 

(Xi, Ai) X (X 2 , A 2 ) := (Xi X X 2 , Xi X A 2 -b Ai X X 2 ) 
is also logCY and 

I?A47^((Xl, Ai) X (X 2 , A 2 )) ~ VMn{Xi,Ai) * VMn{X 2 , A 2 ) 
where * denotes the join. Thus if T>XiTZ{Xi, Ai) ~ then 

I?X^7^((Xl, Ai) X (X 2 , A 2 )) ~ §"i+"^+VGi X G 2 . 

References 

[BCHMIO] Gaucher Birkar, Paolo Cascini, Christopher D. Hacon, and James McKernan, Exis¬ 
tence of minimal models for varieties of log general type, J. Amer. Math. Soc. 23 
(2010), no. 2, 405-468. 

[Birl2] Gaucher Birkar, Existence of log canonical flips and a special LMMP, Publ. Math. 

Inst. Hautes Etudes Sci. (2012), 325-368. MR 2929730 
[BMSZ15] Morgan Brown, James McKernan, Roberto Svladi, and Hong Zong, A geometric char¬ 
acterization of toric varieties (in preparation), 2015. 

[Cam91] F. Campana, On twistor spaces of the class C, J. Differential Geom. 33 (1991), no. 2, 
541-549. MR MR1094468 (92g:32059) 

[CK15] Alessio Corti and Anne-Sophie Kaloghiros, The Sarkisov program for Mori fibred 
Calabi-Yau pairs, April 2015. 

[dFKX12] Tommaso de Fernex, Janos Kollar, and Chenyang Xu, The dual complex of singular¬ 
ities, ArXiv e-prints (2012). 

[FM83] Robert Friedman and David R. Morrison (eds.). The birational geometry of degenera¬ 
tions, Progr. Math., vol. 29, Birkhauser Boston, Mass., 1983. MR 690262 (84g: 14032) 
[Fox57] Ralph H. Fox, Covering spaces with singularities, A symposium in honor of S. Lef- 
schetz, Princeton University Press, Princeton, N.J., 1957, pp. 243-257. MR 0123298 
(23 #A626) 

[Fuj86] Takao Fujita, Zariski decomposition and canonical rings of elliptic threefolds, J. Math. 

Soc. Japan 38 (1986), no. 1, 19-37. MR MR816221 (87e:14036) 

[GHS03] Tom Graber, Joe Harris, and Jason Starr, Families of rationally connected varieties, 
J. Amer. Math. Soc. 16 (2003), no. 1, 57—67 (electronic). 




24 


jAnOS KOLLAR and CHENYANG XU 


[GKP13] 

[GM88] 

[GS75] 

[GTIO] 

[Hat02] 

[Hem87] 

[Hir73] 

[HX13] 

[Kaw98] 

[KK14] 

[KL09] 

[KM98] 

[KMM92] 

[Kol93] 

[Kol96] 

[Kol07] 

[Kolll] 

[K0II3] 

[K0II4] 

[KSOl] 

[Kul77] 

[Liu 15] 
[MM86] 

[Siml5] 

[Tak03] 


D. Greb, S. Kebekus, and T. Peternell, Etale fundamental groups of Kawamata log 
terminal spaces, flat sheaves, and quotients of Abelian varieties, ArXiv e-prints (2013). 
Mark Goresky and Robert MacPherson, Stratified Morse theory, Ergebnisse der Math- 
ematik und ihrer Grenzgebiete (3), vol. 14, Springer-Verlag, Berlin, 1988. MR 932724 
(90d:57039) 

Phillip Griffiths and Wilfried Schmid, Recent developments in Hodge theory: a discus¬ 
sion of techniques and results, Discrete subgroups of Lie groups and applications to 
moduli (Internat. Golloq., Bombay, 1973), Oxford Univ. Press, Bombay, 1975, pp. 31- 
127. MR 0419850 (54 #7868) 

W. M. Goldman and D. Toledo, Affine cubic surfaces and relative SL(2)-character 
varieties of compact surfaces, ArXiv e-prints (2010). 

Allen Hatcher, Algebraic topology, Gambridge University Press, Cambridge, 2002. 
MR 1867354 (2002k:55001) 

John Hempel, Residual finiteness for 3-manifolds, Combinatorial group theory and 
topology (Alta, Utah, 1984), Ann. of Math. Stud., vol. Ill, Princeton Univ. Press, 
Princeton, NJ, 1987, pp. 379-396. MR 895623 (89b:57002) 

Heisuke Hironaka, Subanalytic sets, Number theory, algebraic geometry and commu¬ 
tative algebra, in honor of Yasuo Akizuki, Kinokuniya, Tokyo, 1973, pp. 453-493. 
MR MR0377101 (51 #13275) 

Christopher D. Hacon and Chenyang Xu, Existence of log canonical closures, Invent. 
Math. 192 (2013), no. 1, 161-195. 

Yujiro Kawamata, Subadjunction of log canonical divisors. II, Amer. J. Math. 120 
(1998), no. 5, 893-899. MR MR1646046 (2000d: 14020) 

Michael Kapovich and Janos Kollar, Fundamental groups of links of isolated singu¬ 
larities, J. Amer. Math. Soc. 27 (2014), no. 4, 929-952. MR 3230815 
Janos Kollar and Michael Larsen, Quotients of Calabi-Yau varieties. Algebra, arith¬ 
metic, and geometry: in honor of Yu. 1. Manin. Vol. II, Progr. Math., vol. 270, 
Birkhiiuser Boston Inc., Boston, MA, 2009, pp. 179-211. MR 2641190 (2011c:14117) 
Janos Kollar and Shigefumi Mori, Birational geometry of algebraic varieties, Cam¬ 
bridge Tracts in Mathematics, vol. 134, Cambridge University Press, Cambridge, 
1998, With the collaboration of C. H. Clemens and A. Corti, Translated from the 
1998 Japanese original. 

Janos Kollar, Yoichi Miyaoka, and Shigefumi Mori, Rationally connected varieties, J. 
Algebraic Geom. 1 (1992), no. 3, 429-448. 

Janos Kollar, Shafarevich maps and plurigenera of algebraic varieties, Invent. Math. 
113 (1993), no. 1, 177-215. MR 1223229 (94m;14018) 

_, Rational curves on algebraic varieties, Ergebnisse der Mathematik und ihrer 

Grenzgebiete. 3. Folge., vol. 32, Springer-Verlag, Berlin, 1996. 

_, Kodaira’s canonical bundle formula and adjunction. Flips for 3-folds and 4- 

folds, Oxford Lecture Ser. Math. Appl., vol. 35, Oxford Univ. Press, Oxford, 2007, 
pp. 134-162. 

_, Sources of log canonical centers, arXiv:1107.2863, 2011. 

_, Singularities of the minimal model program, Cambridge Tracts in Mathemat¬ 
ics, vol. 200, Cambridge University Press, Cambridge, 2013, With the collaboration 
of Sandor Kovacs. 

_, Simple normal crossing varieties with prescribed dual complex, Algebr. Geom. 

1 (2014), no. 1, 57-68. MR 3234114 

Maxim Kontsevich and Yan Soibelman, Homological mirror symmetry and torus fi- 
brations, Symplectic geometry and mirror symmetry (Seoul, 2000), World Sci. Pubh, 
River Edge, NJ, 2001, pp. 203-263. MR 1882331 (2003c:32025) 

Vik. S. Kulikov, Degenerations of K3 surfaces and Enriques surfaces, Izv. Akad. Nauk 
SSSR Ser. Mat. 41 (1977), no. 5, 1008-1042, 1199. MR 0506296 (58 #22087b) 
Yuchen Liu, Dodecahedron realization problem, (in preparation), 2015. 

Yoichi Miyaoka and Shigefumi Mori, A numerical criterion for uniruledness, Ann. of 
Math. (2) 124 (1986), no. 1, 65-69. MR MR847952 (87k;14046) 

Carlos Simpson, The boundary of character varieties, (lecture at IAS), 2015. 
Shigeharu Takayama, Local simple connectedness of resolutions of log-terminal singu¬ 
larities, Internat. J. Math. 14 (2003), no. 8, 825-836. MR 2013147 (2004m:14023) 







THE DUAL COMPLEX OF CALABI-YAU PAIRS 


25 


[Xul4] Chenyang Xu, Finiteness of algebraic fundamental groups, Compos. Math. 150 
(2014), no. 3, 409-414. MR 3187625 

JK: Princeton University, Princeton NJ 08544-1000 
kollarSmath.princeton.edu 

CX: Beijing International Center of Mathematics Research, Beijing, 100871, China 
cyxuOmath.pku.edu.cn 



